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Abstract
The Lie algebras of the derivations of commutative algebras of rational functions are considered.

It is well known that the derivation algebras of the polynomial algebras and the Laurent polynomial

algebras are simple Lie algebras. It is shown that the similar results hold for the cases of algebras

of rational functions containing the Laurent polynomials, and that there are representations of a

class of abstract Lie algebras in the derivations of the algebras.
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1 Introduction

In this paper the algebras are considered over a
field F of characteristic zero. Let A be a commutative
associative algebra. Then it is well known that the
set of derivations Der(A) of A is a Lie algebra by the
bracket product

[&6] s baz] = (]‘.(9] (b)az - bag (0)81
(a,be A, 8,05 € Der(A)).

The structure of Der(A) is investigated by many au-
thors. It is well known that Der(A) is simple for
A = Flz], Flz*'] (e.g. [3]). The general conditions
for Der(A) to be simple are considered in [2] and [5].

V. L. Arnold [1] suggests considering the algebra
Clz*', (1 — z)~'] after C[z] and C[z*']. We follow
his suggestion and consider the Lie algebra of deriva-
tions L = Der(F[z*!, (1 — 2)7!]), and see that L is
simple, which can be shown also by the results of [2]
and [5]. We show that L is obtained as a natural ho-
momorphic image of an abstract Lie algebra. These

results can be extended to multivariable cases.

2 Simplicity
Let F[z*', (1—2)~'] be an algebra of rational func-
tions in an indeterminate . Then it is easy to see

that the set of derivations of F[z*!, (1 —z)7!]

D= D(zr(F]:I:il, (1- -'E)_l])
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is a Lie algebra with basis elements

x™

Wnam = Gy x)m@
., d
(n,meZ, 0= a)

and the bracket product

[wn,ms wk,é]

- 7 (@ ka)f) 0

e i:)fa ((1 f)) J

:],;n+k—l
= U\ - T?)Wa
itk
+(—m)——— 9

(1 _ 3:)7!1+f+l

= (k — 'J'I-)'w'n+k—1-m+£

+ (P - ?.n)iﬂl’l-"-k,ﬂf--}—f-i-l

(n,m,k,0 € Z).

We note that the subspace of D spanned by
{w,0 | n € Z} is denoted by Wz in [3] and is known

to be simple.

Proposition 1 The Lie algebra D is simple.
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Proof. Let K be a non-zero ideal of D, and a be
a non-zero element of K. Let m be a sufficiently
small negative integer. Then we can delete the terms
containing (1 — z)~! in the coefficient of [a, wy ).
Hence

[, wy ] € W

Since Wy is simple and K is an ideal of D, we have
Wz C K, and K = D. That is, D is simple.

We remark that Proposition 1 and the following
Proposition 2 can be obtained by using the results of
[2] and [5].

2 An isomorphism
Let L be a vector space with a basis {e,, , | n,m €
Z}. We define the product of basis elements by

[en,ms ek,t‘]

- (k - n)c'u-i—k—];fn-i—f + {P - Tn)cn—i-k;fn-}—f—‘,—l .
Then L is a Lie algebra called type L in [4]. Let

(n,m € Z),

Un,m = €n,m — Entlom — Enym—1

and I be a subspace of L spanned by {vy, ., | n,m €
Z}. Then

['Uu,me ffk,i’]

= (k — n)vnsk-1,m+e + (€ — M)Vnikmie+1,

and it follows that 7 is an ideal of L.
Now we consider a linear mapping ¢ form L to D
defined by

\',D(Bn,m) = Wn,m (n, m e Z)

It is clear that ¢ is a representation of L. Since

L!9('”*”“_11}.)
= Wpm — Wotlm — Woom—1

e :cﬂ.+1 n

(1—a)m

(1—a)m

T
(1 _ :r)m—l

-0,

we have
I C Kerep.

Theorem 1 The ideal I is equal to Kery, and L/ is
isomorphic to D. In particular, I is a maximal ideal
of L.

Proof. For any v € L we write v =v+1 € L/I.

Then we have

“n,wa s en,'m, - t’3tr:,-}-'l,'nr1, - t‘3n,'m—'l = 0-

Hence

5 = —
("J’l_.Tﬂ.—] - e'u"m. e'u-i—l‘m-

By using this equation for m < 0 the element €, _, is
a linear combination of {&, ¢ | n € Z}. From

Entlm = €a,m — En,m—1

the element €,_, (n,m > 0) is a linear combination

of {€5,m. €n.0 | m.n € N}. By using the equation

€nm = €ntl,m T Enm—1

the element &, _, (n < 0, m > 0) can be shown to be
a linear combination of {€y ., €,.0 | m € N, n € Z}.

Let S be a subspace of L spanned by the elements
{r:,hg, eom |n€Z, meN }. Then from the above

argument we have
L=5S+1

Since
1

{p(cn,{)) =2"0, (P(Gu?m) = mas

we have SN Kerg = 0. Then it is easy to see (by the
modular law) that I = Kery, and L/I is isomorphic
to D. Since D is simple, it follows that I is a maximal
ideal of L.

3 Two indeterminates

We consider the case of two indeterminates x,y,
that is, the algebra Fla*=!, (1 —z)~ 1y, (1 —y)71].
The derivation algebra

Dz = Dex(Fla*', (1 - 2)~",y*', (1 - y)7'))
is generated by
wyr; = a(M)0; (M € My(Z), i€ {1,2}),

where M5(Z) is the set of 2 x 2 matrices of the inte-

gers, and
' Tt
M) = :
!1.( ) (1 _ _.E}'mlg (1 _ y)m.gg 4
d d
h=—, 0= —,
YT o % dy’



for
M = ( Ty Tae ) .
oy oo
Let E;; € M>(Z) be the matrix having 1 in the (i. j)
position and 0 elsewhere. Then we have
di(a(M)) = mpa(M — E;1) + miga(M + E;s),

and the bracket product is as follows:

[war,is Wi

= a(M)?; (a(N)) 9; — a(N)D; (a(M)) ,

=a(M)(nypa(N — Ein)
+ niga(N + Ej2))0;
—a(N)(mj1a(M — Ejy)
—mj2a(M + Ej2))0;

= naa(M + N — Ey)d;
—mj1a(M + N — Ej1)0;
+nga(M + N + E;2))0;
—mj2a(M + N + Ej3))0;

=N WMAN—Eiy,j — M WMAN-Ejy i

T NRWMA N4 Eip,j — Mj2WM+ N+ Ejp.i

(M = (mpg), N = (nyg) € My(Z), i, j € {1,2}).

Proposition 2 D, is a simple Lie algebra.

Proof.
element o # 0. If we take the matrix M with suffi-

ciently small negative integers m2, msos, then we can
1

Let K be a non-zero ideal of Dy with an

delete the terms (1—xz)~!, (1—y)~! in the coefficients

of [, wpy;]. That is,
[, wari] € Wzxz.

Since Wy 7z is simple ([3]), it follows that K = Dy,
and D, is simple.

4 An extension

We can construct an extension of Dy as in the
case of D. Let L, be a vector space with basis
{emi | M € My(Z), i € {1,2}}. We can define
the bracket product as

lenr,i, 8N.j]
=i CMAN—FE;,j — MGj1EM+N—Ej i

+ NN+ N+Ein.j — Mj2E M+ N+Ejs.i

(M = (mpqg), N = (npg) € Ma(Z), i, € {1,2}).

PRI ZEEY 88575 Bl - 25 &5

Then it is easy to see that Lo is a Lie algebra. Let
UM, = €M,i — EM+E;,i — EM—Ei,i
(M € My(Z), i€ {1,2}),
then we have

[’UM,@-. BN,j]
= NAUM+N—E;,j — Mi1VMAN—Ej,i
+ Ni2UM AN+ Eia,j — Mj2UM+N+Eja,i
(M = (mpq), N = (npg) € Ma(Z), i,5 € {1,2}).
Let I> be a subspace of Lo spanned by
{’Uﬂ.,r,-; | M e ﬂfg(Z), i€ {1,2}}
Then it follows that I is an ideal of Ls. Let S be a
subspace of L, spanned by
{€nEi,js €mEn; | NEZ, meN, i,je{1,2}}.
By the argument similar to the proof of Theorem 1
it is easy to see that
Lo =85+ Is.

Then we have the following theorem.

Theorem 2 The Lie algebra Lo /I5 is isomorphic to
Ds.

5 Increasing sequences
If we consider a sequence of rational functions
1 1 1
-2’ 2—2" 3—2" "7’
then we have a increasing sequence of algebras
Flz®', (1 —2)7)

< Flz*,(1—-2)"Y(2—-2)7
< Flz*',(1-2)"Y2-2)", 8 -2)"Y
<

If we consider derivation algebras of the above alge-
bras, then we can extend Theorem 1.
We may take another direction by giving indeter-

minates

and the increasing sequence
Flz*',(1-2)7"]
< Fla*l (1-2) 7 y™ (1-y)™']
< F["Bil:(l_m)_l?yil!(l_?})_l:zil:(l_z)_l]
<

Then we can generalize Theorem 2 to the cases of
several indeterminates.
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